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Abstrat. This paper onerns the restrited 3-body problem. By applying topologial meth-
ods we give a omputer assisted proof of the existene of some lasses of periodi orbits, the
existene of symboli dynamis and we give a rigorous lower estimate for the topologial entropy.
1. Introdution
The problem of both restrited and full N -body systems has suh a long story that it is
impossible to give an extensive bibliography here; we refer the reader to the lassial texts
[MH, M, SM, S℄.
This paper onerns the study of periodi and haoti solutions of the planar restrited 3-body
problem. If we assume that the primaries orbit around eah other with period 2 and we use a
rotating referene frame, i.e. if we use synodial oordinates, then the motion of the third body
is desribed by the following system of seond order dierential equations:
(1.1)
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m
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2
.
The methods we employ are topologial with omputer assistane. This kind of omputer
assisted proof has been introdued in [MM1, MM2, MM3℄, while the topologial methods em-
ployed here have been introdued in [Z1, Z2℄, see also the appliations in [AZ, GZ, Z3℄. We point
out that, although some of the proofs we give require omputer assistane, they are rigorous
and they an be easily reprodued on any reent omputer. To this purpose, in the last setion
we provide all neessary information, mostly by referring to other papers, and we also provide
on the web a Mathematia version of the algorithms employed.
The main result presented in this paper is the proof of symboli dynamis on fourteen symbols
whih orresponds to the existene of orbits, periodi or non-periodi, that ome lose to ve
dierent periodi orbits in any presribed order. This result yields a lower estimate for the
topologial entropy of the system, and it is therefore a proof of its haoti behavior. To the
author knowledge, no rigorous estimate of the topologial entropy for the Poinare map of
this system is available in the literature. This paper serves other purposes as well. We show
how to extend the omputer assisted tehniques developed in the papers ited above to the
planar restrited 3-body problem, whih presents dierent features and diÆulties and requires
This researh was supported by MURST projet \Metodi variazionali ed Equazioni Dierenziali Non Lineari".
1
2 G. ARIOLI
new tehniques; to this purpose we introdue some new topologial tools and omputational
methods. We give a rigorous proof of the existene of a lass of periodi orbits at dierent
energy levels: the existene of suh periodi orbits (and many more) is well known, but to the
author knowledge the proof is sometimes purely numerial, with no mathematial rigour, or
perturbative, with no estimate on the range of validity of the perturbation parameter. We also
provide a very narrow estimate of the loations of the intersetion of suh periodi orbits with
the line onneting the primaries. In summary, this paper provides both the methods and some
examples on how the omputer assisted tehniques an yield results for the planar restrited 3-
body problem. We point out that these results are not of pertubative nature, and to the author
knowledge the result on symboli dynami is not aessible by purely analytial methods; in
partiular the problem is not treatable by Melnikov's method.
A result on haos for the planar restrited 3-body problem has been reently presented in
[SK℄ with a dierent method, also based on omputer assisted tehniques, but the authors do
not laim to give a rigorous proof. Indeed, they use, in their words, "realisti estimated upper
bounds" for the errors made in the numerial omputation of the Poinare map. Suh method
found a rigorous appliation on a dierent system in [KMS℄. Here we estimate rigorously all
omputational errors and we do provide rigorous proofs of all the theorems we state.
The paper is organized as follows: in Setion 2 we provide a brief introdution to the problem;
in Setion 3 we introdue the Poinare maps that are used in the proofs and explain a symmetry
of the system whih is widely employed in the proofs; in Setion 4 we explain our method
for deteting and proving periodi orbits and present the results we obtain. Setion 5 is the
main portion of the paper. Here we introdue the topologial and omputational methods and
we desribe the results on symboli dynamis and on topologial entropy. Ideas on further
developments are given in Setion 6 and details on the omputer assisted proofs are in Setion
7.
2. Desription of the system
We rst derive briey equation (1.1). It is well known that the two body problem admits a
solution where both bodies move in a irular ounterlokwise motion around their enter of
mass (and of ourse it also admits the symmetri lokwise solution). We all the two bodies
P
1
and P
2
(the primaries). If P
1
and P
2
have mass m
1
and m
2
; then the irular solution with
minimal period 2 minimizes the Lagrangian funtional
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ned on H
1
per
([0; 2℄), the spae of 2-periodi funtions whose weak derivative is square-
integrable.
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x
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(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Setting 0 as the 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.
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The Lagrangian for the restrited 3-body problem is
~
L(w) =
1
2
j _wj
2
  V (w) where
V (w) =  
m
1
jw   x
1
j
 
m
2
jw   x
2
j
:
It is onvenient to use synodial oordinates, i.e. a referene frame where the primaries sit still.
Set w = Rv, where R =

os t sin t
  sin t os t

and let J =

0  1
1 0

be the standard sympleti
matrix; then _w =
_
Rv +R _v = R( _v   Jv), therefore the Lagrangian is given by
L(v) =
1
2
j _vj
2
  ( _v; Jv) + 
(v);
where
(2.2) 
(v) =
jvj
2
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+
m
1
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+
m
2
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2
; 0)j
  C
It is well known that H(x; _x; y; _y) = _x
2
+ _y
2
  2
(x; y) is an integral of the motion (the Jaobi
integral), therefore the motion takes plae on the manifold H(x; _x; y; _y) = h. With some abuse
of language, we all the Jaobi integral H(v) = j _vj
2
  2
(v) the energy. The Euler-Lagrange
equations are:
(2.3) v   2J _v  r
(v) = 0:
This system admits ve equilibrium points. Three suh points are aligned with the primaries
and are alled L
1
, L
2
and L
3
(the ollinear equilibrium solutions). One of the ollinear points
lies between the primaries; let that point be L
1
. All the ollinear points are saddles for 
. The
remaining two equilibrium points are alled L
4
and L
5
; they are the absolute minima of 
 and
they both sit at the verties of an equilateral triangle with the primaries at the other verties
(the equilateral equilibrium solutions).
We only onsider the ase m
1
= m
2
. The reason for this hoie is that this ase has been
already widely onsidered and many families of periodi orbits for this ase are known to ex-
ist. Nonetheless, rigorous estimates on the loation of the periodi orbits, results on symboli
dynamis and topologial entropy and even a rigorous proof of existene of the periodi orbits
are new to the author knowledge. Furthermore the equal masses ase is, in some sense, the
opposite of a "perturbative" ase with one primary muh less massive than the other one. In
this ase R
1
= R
2
= 2
 2=3
and we hoose the onstant C =  2
5=3
in order to have 
(L
1
) = 0.
By a diret omputation it is easy to see that there exists h
0
=  2
(L
2
) =  2
(L
3
) ' :8623
suh that the region fv : 2
(v) + h  0g where the motion an take plae is split in exatly
two onneted regions, one bounded and the other unbounded, if and only if 0  h < h
0
. We
only onsider values of h in the range [0; h
0
) and we look for trajetories in the bounded region.
Note that, if h = 0, the bounded region is equal to the union of two losed sets whose only
intersetion is the origin and no trajetory an interset both sets; if 0 < h < h
0
the bounded
region is homeomorphi to a ball (if we inlude the singularities in the region); if h < 0 there are
three onneted regions and nally if h  h
0
the region fv : 2
(v) + h  0g is onneted, but
not simply onneted. The following pitures represent the urves f2
(v) + h = 0g for dierent
values of h (the small disks represent the primaries):
4 G. ARIOLI
-2 -1 1 2
x
-2
-1
1
2
y
h =  :2
-2 -1 1 2
x
-2
-1
1
2
y
h = 0
-2 -1 1 2
x
-2
-1
1
2
y
h = :3
-1.5 -1 -0.5 0.5 1 1.5
x
-1.5
-1
-0.5
0.5
1
1.5
y
h = :9
3. The Poinar

e maps
In order to study the system at some xed energy h we onsider the Poinare return map
P : D(P )  R
2
! R
2
dened in the following way. Given (x; p
x
) suh that x 6= fR
1;
 R
2
g and
2
(x; 0)+h p
2
x
> 0 there exists a unique positive value of p
y
= p
y
(x; p
x
) =
p
2
(x; 0) + h  p
2
x
suh that H(x; p
x
; 0; p
y
) = h. Let '(x; p
x
; ) : R ! R
4
be the solution of the equation (1.1)
with initial onditions x(0) = x; _x(0) = p
x
; y(0) = 0, _y(0) = p
y
and all '
i
, i = 1; : : : ; 4 its
omponents. By denition '
3
(x; p
x
; 0) = 0 and '
4
(x; p
x
; 0) > 0, therefore '
3
(x; p
x
; t) > 0 for all
positive and small t. If there exists a time T
1
suh that '
3
(x; p
x
;T
1
) = 0 and '
3
(x; p
x
; t) > 0
for all t 2 (0; T
1
), and a time T
2
> T
1
suh that '
3
(x; p
x
;T
2
) = 0 and '
3
(x; p
x
; t) < 0 for all
t 2 (T
1
; T
2
), then we dene
P (x; p
x
) = ('
1
(x; p
x
;T
2
); '
2
(x; p
x
;T
2
)):
In other words, P is the return map on the setion y = 0, p
y
> 0.
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In fat, for dierent reasons whih we point out later, we nd it useful to onsider the half
Poinare maps H
1
: D(H
1
)  R
2
! R
2
and H
2
: D(H
2
)  R
2
! R
2
. H
1
is dened by
H
1
(x; p
x
) = ('
1
(x; p
x
;T
1
); '
2
(x; p
x
;T
1
));
where the maps ' and the time T
1
are as before, while H
2
is dened by
H
2
(x; p
x
) = ( ~'
1
(x; p
x
;T
1
); ~'
2
(x; p
x
;T
1
));
where ~'(x; p
x
; ) : R ! R
4
is the solution of the equation (1.1) with initial onditions x(0) = x;
_x(0) = p
x
; y(0) = 0; _y(0) =  
p
2
(x; 0) + h  p
2
x
and T
1
> 0 is suh that '
3
(x; p
x
;T
1
) = 0
and '
3
(x; p
x
; t) < 0 for all t 2 (0; T
1
). Of ourse, D(P )  D(H
1
), H
1
(D(P ))  D(H
2
) and
P = H
2
Æ H
1
. In the following we refer to the maps H
1
and H
2
as the rst and seond half
Poinare maps respetively. In other words the map H
1
(resp. H
2
) is the transition map from
the setion y = 0, p
y
> 0 to the setion y = 0, p
y
< 0 (resp. from the setion y = 0, p
y
< 0 to
the setion y = 0, p
y
> 0).
By inspetion it is easy to see that, if (x(t); y(t)) is a solution of (1.1), then (~x(t); ~y(t)) :=
(x( t); y( t)) is also a solution. This implies that H
1
(x
1
; p
1
) = (x
2
; p
2
) is equivalent to
H
2
(x
2
; p
2
) = (x
1
; p
1
) and P (x
1
; p
1
) = (x
2
; p
2
) is equivalent to P (x
2
; p
2
) = (x
1
; p
1
).
4. Periodi orbits
A standard method for studying periodi orbits onsists in looking for xed points of the
Poinare map P . By the symmetry of the system onsidered at the end of the previous setion
we infer that H
1
(x
1
; 0) = (x
2
; 0) yields H
2
(x
2
; 0) = (x
1
; 0), whih in turn implies that (x
1
; 0) is
a xed point for the Poinare map. On the other hand, if the system admits a periodi orbit
whih rosses orthogonally the x-axis at some point x
1
, then, by denition of Poinare map,
P (x
1
; 0) = (x
1
; 0), and this is possible only if H
1
(x
1
; 0) = (x
2
; 0) for some x
2
. It turns out that it
is also useful to onsider whether there exist points x
1
and x
2
suh that P (x
1
; 0) = (x
2
; 0), with
x
1
6= x
2
. By the same reason as before, these points orrespond to periodi points of period 2 for
the Poinare map, hene to periodi trajetories for the system rossing the y = 0 hyperplane
at two dierent points in eah diretion, see the pitures of the orbits D
1
and D
2
below.
Let f(x) be the seond omponent of H
1
(x; 0) and g(x) be the seond omponent of P (x; 0).
In order to nd xed or period 2 points for the Poinare map we an look for zeros of the
funtion f or g. We remark that, even by onsidering the map g only, one an still nd all the
xed points for the Poinare map. On the other hand it may happen that P (x
1
; 0) = (x
2
; 0)
with x
1
very lose to x
2
, in the sense that jx
1
  x
2
j is smaller than the numerial error. In
this ase it is impossible to nd out whether x
1
is a xed point or a periodi point of period
2, without onsidering either the derivative of the Poinare map or the half Poinare map. For
this reason it is onvenient to study both the map f and the map g: rst we look for zeros of
f , i.e. xed points of P , then we an look for zeros of g whih are not zeros for f , suh points
yielding periodi points of minimal period 2 of P . The following piture displays a numerial
omputation of f(x) with x 2 ( :62; :62) and h = :1:
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The piture strongly suggests that the Poinare map has three xed points in the set f(x; 0) :
x 2 ( :62; :62)g, whih is exatly the result we show rigorously in the next setion, where we
also give a narrow bound on the position of suh points. Our strategy to detet and prove
the existene of periodi orbits is as follows: rst we hoose some values for h and ompute an
approximate image of the x axis through the maps f and g as in the previous piture; in this way
we an spot the plaes where the intersetions should be loated. Assume that the numerially
omputed graph of f rosses the x axis in a neighborhood of some point x: we onjeture the
existene of a xed point for P nearby some point (x; 0). To prove the onjeture we hoose x
1
and x
2
suh that x
1
< x < x
2
and both x
1
and x
2
are very lose to x. Then we ompute the
rigorous half Poinare map H
1
at (x
1
; 0) and (x
2
; 0). If we an prove that the seond omponent
of H
1
(x
1
; 0) has opposite sign with respet to the seond omponent H
1
(x
2
; 0) and that the
segment joining the two points belongs entirely to the domain of H
1
, then by the ontinuity
of the half Poinare map we have proved that there exists at least a point x
1
< ~x < x
2
suh
that H
1
(~x; 0) lies on the x axis, therefore a periodi orbit intersets the x-axis orthogonally at
(~x; 0). On the other hand, if we prove that some portion of the x-axis is mapped away from the
x-axis itself, then we have a proof that there are no periodi solutions whih ross the x-axis
orthogonally in that setion. Then we searh for points of period 2 for the map P , that is we
study the numerially omputed graph of g and look for intersetions with the x axis. If we
nd two points x
1
, x
2
suh that the seond omponents of P (x
1
; 0) and P (x
2
; 0) lie on the
opposite sides of the x-axis, the set [x
1
; x
2
℄ f0g belongs to the domain of P and P ([x
1
; x
2
℄; 0)
does not interset the set [x
1
; x
2
℄  f0g, then we have a proof that there exists at least a point
x
1
< ~x < x
2
suh that ~x is the intersetion of an orbit of minimal period 2 with the x-axis.
The ase we onsider is usually referred to as "the Copenhagen orbits", from the results of the
Observatory of Copenhagen (see [S℄ and referenes therein). We reall that, by our hoie of the
onstant C in (2.2), h = 0 is the energy of the stationary solution at the Lagrangian point L
1
(the
origin). Sine the problem has the additional symmetry onsisting in swithing the primaries,
we only look for orbits that ross the portion of the x-axis between the primaries with positive
speed in the y diretion. The lowest value of h we onsider is 0, when the admissible region is
split in two parts touhing at the origin and no trajetory an enter both regions. The highest
value of h we onsider is 0:8, sine at slightly larger value the bounded admissible region touhes
the unbounded part and some trajetory starting lose to the primaries may be unbounded.
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h S
1
S
2
L D
1
D
2
U
1
U
2
0 0:3158  0:4399
:1 0:3028  0:4365 0:02697
:2 0:2883  0:4330 0:03894
:22 0:2851  0:4323 0:04102
:24 0:2818  0:4316 0:04303 0:06963 0:1043
:26 0:2784  0:4309 0:04497 0:04423 0:04456 0:06737 0:1205
:28 0:2749  0:4301 0:04687 0:04600 0:04651 0:06689 0:1343
:3 0:2712  0:4294 0:04873 0:04775 0:0484 0:06712 0:1470
:4 0:2443  0:4257 0:05751 0:05615 0:05730 0:07199 0:2085
:5  0:4218 0:06575 0:06412 0:06550 0:07870
:6  0:4178 0:07369 0:07185 0:07345 0:08595
:8  0:4093 0:08922 0:08716
Table 1
The main result of this setion is that the system (1.1) admits periodi solutions as shown in
Table 1. In the left hand side olumn the energy level is displayed, while the remaining olumns
represent the x-oordinate 5  10
 4
of the intersetion of the orbits with the portion of the
x-axis between the primaries (the L, D
1
and D
2
orbits have two suh intersetions; for the L
orbits we only onsider the intersetion with positive y veloity, the other being symmetri with
respet to the origin; for the D
1
and D
2
orbits we onsider the only orthogonal intersetion).
More preisely, the following theorem holds:
Theorem 4.1. For all energy values displayed in olumn h of Table 1, the system (1.1) admits
at least a periodi solution for eah value printed in the remaining olumns. Suh solution
rosses the x-axis orthogonally twie. The x-oordinate of the intersetion with positive y-veloity
lies in the interval entered in the position given in the table with width 10
 3
. The solutions
orresponding to values in the olumns S
1
, S
2
, L, U
1
and U
2
do not interset the x-axis at any
other point, while the solutions orresponding to values in the olumns D
1
and D
2
interset the
x-axis twie at another point with the same negative x-veloity and with opposite y-veloity. The
orbits in the olumn S
2
are retrograde around P
1
; the orbits in the lasses S
1
, U
1
and U
2
are
diret around P
2
. The orbits in the lass L are retrograde around L
1
.
Proof. Orbits S
1
, S
2
, L, U
1
and U
2
. We heked by omputer assistane (see Setion 7) that
the seond omponents of H
1
(x+5  10
 4
; 0) and H
1
(x  5  10
 4
; 0) have dierent sign and the
interval set [x  5  10
 4
; x+ 5  10
 4
℄f0g is in the domain of H
1
, where x is any of the values
in the olumns S
1
, S
2
, L, U
1
and U
2
. Aording to the argument presented at the beginning of
this setion, this suÆes to prove the existene of a xed point of the Poinare map P and hene
the existene of a periodi orbit. To prove that an orbit in the olumn S
2
is retrograde around
P
1
we proeed as follows. We ompute the trajetory of the set [x  5  10
 4
; x+ 5  10
 4
℄ f0g
until it rosses the Poinare setion and we hek that the angular veloity with respet to P
1
is
always stritly positive. This also implies that the x-axis is rossed only one in eah diretion,
and by onstrution and the symmetry of the system the intersetions are othogonal. To prove
that the orbits in the lasses S
1
, U
1
and U
2
are diret around P
2
, the orbits in the lass L are
retrograde around L
1
and they also ross the x-axis only one in eah diretion we follow an
analogous proedure.
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Orbits D
1
and D
2
. Same argument with the map P . To hek that the periodi points
of the Poinare map orresponding to these orbits have minimal period 2 we heked that
P ([x   5  10
 4
; x + 5  10
 4
℄; 0) is mapped away from [x   5  10
 4
; x + 5  10
 4
℄  f0g. The
symmetry of the system fores the two non-orthogonal intersetions with the x-axis to our at
the same point, with the same x-veloity and with opposite y-veloity. 
Remark 4.1. Orbits belonging to the same olumn appear to belong to the same lass, in the
sense that they have the same linear stability and they have the same winding number with respet
to the primaries and the Lagrangian point L
1
. More preisely, all orbits are unstable, exept for
orbits S
1
and S
2
whih are linearly stable. The result on the stability is purely numerial.
The orbits in the lass L are well known, their trajetory is very lose to an ellipse with enter
at the Lagrangian point L
1
. They branh out from L
1
, in the sense that as h! 0 they ollapse
to L
1
. These are the only orbits onsidered in this paper whih do not wind around any primary,
while they wind around L
1
. The orbits in the lass D
1
and D
2
orrespond to points of period
2 of the Poinare map. In the following pitures the orbits D
1
, D
2
and L at energy level h = :5
are displayed (the small disk represents P
1
).
-0.04 -0.02 0.02 0.04
x
-0.2
-0.1
0.1
0.2
y
Orbit L
-0.6 -0.4 -0.2 x
-0.3
-0.2
-0.1
0.1
0.2
0.3
y
Orbit D
1
-0.6 -0.5 -0.4 -0.3 -0.2 -0.1
x
-0.2
-0.1
0.1
0.2
y
Orbit D
2
The same orbits are plotted together in Figure 1: note that part of the trajetories of both
D
1
and D
2
are very lose to the trajetory of L, giving a visual image of the strong instability
of the system.
Remark 4.2. The existene of unstable orbits around the other Lagrangian points is also well-
known, but they our only for higher values of the energy; we do not investigate those orbits,
but we laim that the methods presented in this paper ould be used to study those orbits and,
possibly, haoti dynamis involving those orbits as well.
In Figure 2 we plot all periodi orbits at energy level h = :3: note that the shape of the orbits
D
1
, D
2
and L are quite similar to the same orbits in Figure 1, supporting the laim that they
belong to the same branh.
5. Chaoti dynamis
We apply the method developed in [Z1, Z2, Z3℄, see also [AZ℄ where the Henon-Heiles Hamil-
tonian was onerned. We only onsider the system at energy h = :3. We prove the existene
of symboli dynamis on 14 symbols and we give a lower estimate for the topologial entropy.
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Figure 1. Orbits D
1
, D
2
and L at energy level h = :5
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Figure 2. All orbits at h = :3
The omputation of rigorous estimates in the (restrited) 3-body problem presents more
diÆulties than the ases previously onsidered. The rst is due to the fat that the Poinare
map is not dened in a onneted region, indeed we have to exlude at least the lines x = R
1
and x =  R
2
. This ould be avoided by using some kind of regularization, but we prefer to
keep the original oordinates, both beause they are far more intuitive and beause the Levi-
Civita transform (or its variations) is not one to one. Furthermore, even after some kind of
regularization, it is far from trivial to determine what is the domain of the Poinare map. But
the main problem is due to the fat that, even using a sostiated algorithm to ompute the
rigorous bounds, suh bounds turn out to be very large, partiularly in the p
x
diretion. The
10 G. ARIOLI
reason for suh large bounds are not only the inevitable omputational errors, whih in theory
an be as small as we like (by taking a smaller time step at the prie of a slower omputation),
but partiularly the wrapping eet. See [AZ, GZ℄ and the referenes given there for a disussion
on this topi. Here we just want to point out that although it is possible by a hange of variable
to get rid of the singularities, it is not possible to get rid of the wrapping eet in the same way,
at least not with the same hange of variable.
The rst trik we had to adopt onsists in omputing only half of the Poinare map at a
time, and this is the seond reason, in fat the most important, for introduing the maps H
1
and H
2
. Indeed the wrapping eet is usually exponential, therefore by onsidering about half
trajetory time it is rather drastially redued. By this method we obtain a great redution
of the error: of ourse we have to pay the prie of a larger number of omputations, but the
trade-o is very positive. The seond trik that proved to be essential onsists in omputing the
inverse of the map instead of the atual map for some heks, see the denition of bak-overing
below. This is important whenever some trajetory starts away from the primaries but omes
lose to one of them at the intersetion with the Poinare plane, indeed in suh ases a very
short time step is neessary to keep the error small, sine lose to the singularities the speed
undergoes a strong variation while the partile rosses the Poinare plane. The partile is in
fat a point, but in order to ompute the Poinare map we have to onsider the envelope of its
position with the error bounds, hene it takes a nite time to ross the plane. It turns out that
the inverse trajetory, starting lose to a primary and ending away from both primaries, raises
a muh lower error.
5.1. Topologial tools. Denitions 5.1 and 5.3 were introdued in [AZ℄. Denitions 5.4 and
5.5 are introdued here for the rst time to deal with the new diÆulties of the restrited 3-body
problem. Lemma 5.3 and Corollaries 5.4 and 5.5 are also new.
Denition 5.1. A triple set (or t-set) is a triple N = (jN j; N
l
; N
r
) of losed subsets of R
2
satisfying the following properties:
1: jN j is a losed parallelogram
2: N
l
and N
r
are losed half-planes
3: the sets N
le
:= N
l
\ jN j and N
re
:= N
r
\ jN j are two nonadjaent edges of jN j
We all jN j, N
l
, N
r
, N
le
and N
re
the support, the left side, the right side, the left edge and
the right edge of the t-set N respetively. One observes that R
2
n (jN j [N
l
[N
r
) onsists of two
disjoint sets. We all N
t
and N
b
the losure of suh sets (the top and bottom sides of the triple
set). We also set N
te
:= N
t
\ jN j and N
be
:= N
b
\ jN j (the top and bottom edges of N).
Remark 5.1. Sine all theorems we use onern topologial properties of the t-sets, then one
an hoose any ontinuous deformation of the t-set dened above, obtaining the same results.
An example of the sets we atually use, whose exat denition is given in Setion 7, is given in
Figure 3.
To exploit the symmetry of the system we give the following denition:
Denition 5.2. Let M be a t-set. We dene its symmetri image with respet to the x-axis
~
M as follows: if S : R
2
! R
2
is the map dened by S(x; y) = (x; y), let j
~
M j = S(jM j),
~
M
l
= S(M
t
),
~
M
r
= S(M
b
), and the remaining denitions follow as in Denition 5.1.
Denition 5.3. Let f : 
  R
2
! R
2
be a map and let N
1
and N
2
be two triple sets. We say
that N
1
f overs N
2
(N
1
f
=) N
2
) if:
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Support
Right side
Left side
Top side
Bottom side
Figure 3. An example of a t-set
a: f(jN
1
j)  int(N
l
2
[ jN
2
j [N
r
2
)
b: either f(N
le
1
)  int(N
l
2
) and f(N
re
1
)  int(N
r
2
)
or f(N
le
1
)  int(N
r
2
) and f(N
re
1
)  int(N
l
2
)
The following lemma says that we an redue the ondition (a) in the above denition to the
boundary of jN
1
j if we know that the map f is dened on jN
1
j and it is injetive. This lemma
plays a very important role in the omputer assisted veriation of the overing relations, as it
redues the omputations to the boundary of jN
1
j (see Setion 6 in [GZ℄, for more details).
Lemma 5.1. Let f : 
  R
2
! R
2
be a map and let N
1
and N
2
be two triple sets. Assume that
f is an injetive map on jN
1
j, then N
1
f
=) N
2
if and only if
a
0
: f(jN
1
j)  int(N
l
2
[ jN
2
j [N
r
2
)
b: either f(N
le
1
)  int(N
l
2
) and f(N
re
1
)  int(N
r
2
)
or f(N
le
1
)  int(N
r
2
) and f(N
re
1
)  int(N
l
2
)
As we pointed out above, in some irumstanes it is easier to ompute the inverse ow, then
the diret ow. Furthermore, we need to deal with the half Poinare maps. To this purpose we
give the following denitions:
Denition 5.4. Let N
1
and N
2
be two triple sets. We say that N
1
f bakovers N
2
(N
1
f
(= N
2
) whenever:
a: f : 

1
 R
2
! 

2
 R
2
is a homeomorphism
b: jN
2
j  

2
: f
 1
(jN
2
j)  int(N
t
1
[ jN
1
j [N
b
1
)
d: either f
 1
(N
te
2
)  int(N
t
1
) and f
 1
(N
be
2
)  int(N
b
1
)
or f
 1
(N
te
2
)  int(N
b
1
) and f
 1
(N
be
2
)  int(N
t
1
)
Denition 5.5. Let N
1
and N
2
be two triple sets. We say that N
1
generially f overs N
2
(N
1
f
() N
2
) if N
1
f overs N
2
or there exists n  1 t-sets M
i
, i = 1; : : : ; n and n+ 1 maps
g
j
, j = 0; : : : ; n suh that f = g
j
Æ    Æ g
1
Æ g
0
, N
1
g
0
=)M
1
, M
i
g
i
=)M
i+1
for all i = 1; : : : ; n  1
and M
n
g
n
=) N
2
.
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Remark 5.2. Although overing, bakovering and generi overing our often simultaneously
and they are indeed a very similar phenomenon, they are not equivalent. In fat it may even
happen that a map f is not dened on the whole support of N
1
, and still N
1
f bakovers N
2
or N
1
generially f overs N
2
. On the other hand, the result of a bakovering or of a generi
overing relation is very similar to the result of a overing relation as far as the results we are
interested in are onerned, see Corollaries 5.4 and 5.5.
The following theorem follows immediately from Theorem 4 in [Z3℄ and together with Theorem
5.6 it is the main topologial tool we use:
Theorem 5.2. Given n t-sets M
i
 R
2
and n ontinuous maps f
i
: M
i
! R
2
, suh that
M
0
f
0
=)M
1
f
1
=)M
2
f
2
=)M
2
: : :
f
n 1
=) M
0
=M
n
,
then there exists x 2 intjM
0
j, suh that f
k
Æ    Æ f
1
Æ f
0
(x) 2 intjM
k+1
j, for k = 0; : : : ; n  1 and
x = f
n 1
Æ    Æ f
1
Æ f
0
(x).
By the following lemma we an extend the previous theorem to the generi bakovering, see
Corollary 5.5.
Lemma 5.3. Let 

1
and 

2
be two open sets of R
2
, let f : 

1
! 

2
be a homeomorphism and
let N
1
and N
2
be two triple sets suh that jN
i
j  

i
, i = 1; 2. If N
1
f bakovers N
2
then there
exists a t-set K  

1
suh that N
1
id overs K, and K f overs N
2
(id is the identity map
in 

1
).
Proof. By denition of bakovering, if N
1
f bakovers N
2
, then f
 1
(jN
2
j) looks as the light
grey retangle in the Figure 4, therefore it is possible to dene a t-set K suh that the boundary
of its support is very lose to the boundary of f
 1
(jN
2
j), in suh a way that N
1
id overs K and
K f overs N
2
. To prove this, just onsider a set K
0
as the dark grey retangle in the piture
or, more preisely, if a and b are the length of the sides of jN
2
j; let K
0
be the parallelogram with
the same enter as jN
2
j, the sides parallel to the sides of jN
2
j and suh that the length of its
sides is (1  ")a and (1 + ")b, 0 < " < 1. If " is small enough, K
0
 

2
and f
 1
(K
0
) is dened.
Call the edges of K
0
top, bottom, left and right aording to the orresponding edge of N
2
.
Now dene K as follows. The edges are the ounterimage of the edges of K
0
. By onstrution,
denition of bakovering, ompatness of K
0
and ontinuity of f
 1
, if " is small enough the
top (resp. bottom) edge of K lies in the top (resp. bottom) side of N
1
and both the right and
the left edges are in int(N
t
1
[ jN
1
j [N
b
1
), hene it is possible to dene the left (resp. right) side
of K in suh a way that N
1
id overs K. By onstrution K f overs N
2
and the proof is
omplete. 
Corollary 5.4. Let N
1
and N
2
be two triple sets and let f be a homeomorphism. If N
1
f bakovers N
2
, then N
1
generially f overs N
2
.
Corollary 5.5. Given t-sets M
i
 R
2
and n ontinuous maps f
i
: 

1i
 R
2
! 

2i
 R
2
suh
that
M
0
f
0
()M
1
f
1
()M
2
f
2
()M
2
: : :
f
n 1
()M
0
=M
n
,
then there exists x 2 intjM
0
j, suh that f
k
Æ    Æ f
1
Æ f
0
(x) 2 intjM
k+1
j, for k = 0; : : : ; n  1 and
x = f
n 1
Æ    Æ f
1
Æ f
0
(x).
Assume that we have n t-sets N
i
, i = 1; : : : ; n, with some overing relations. Let N =
S
i
jN
i
j;
the following denitions are standard.
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N1
K
K’
N2
Figure 4. In light grey f
 1
(N
2
), in dark grey K
0
= f(K)
Denition 5.6. Let f be injetive. The invariant set of N is dened by Inv(N; f) := fx 2 N :
f
i
(x) 2 N for all i 2 Zg.
Denition 5.7. The transition matrix T (j; i), i; j = 1; : : : ; n, is dened as follows:
T (j; i) =
(
1 if N
i
f
() N
j
0 otherwise
Let 
n
be the set of bi-innite sequenes of n symbols
Denition 5.8. A sequene fx
k
g 2 
n
is said to be admissible if T (x
k+1
; x
k
) = 1 for all k. We
denote by 
A
 
n
the set of all admissible sequenes.
Denition 5.9. Assume jN
i
j \ jN
j
j = ;, for i 6= j. The projetion  : Inv(N; f) ! 
A
is
dened by setting (x)
i
= j where j satises f
i
(x) 2 jN
j
j for all i 2 Z.
The set 
A
inherits the topology from 
n
; the shift map  : 
A
! 
A
is ontinuous. We
prove a semionjugay between  and f , i.e. we prove that  Æ  =  Æ f j
Inv(N;f)
. In partiular
this implies that there exists a symboli dynamis struture on Inv(N; f).
The following theorem was proved in [Z3℄ (see Theorems 5 and 6) for the ase n = 2. The
following is a natural extension to a generi number of sets and the proof is exatly the same.
Theorem 5.6. The projetion  is onto, and if fx
n
g 2 
A
is a periodi sequene, then

 1
(fx
n
g) ontains a periodi point.
We point out that these kind of topologial tools have been reated to deal with hyperboli
periodi points and are not suitable to look for ellipti points. On the other hand the symmetry
of this system allows the searh and proof of (symmetri) periodi points in a muh easier way,
as pointed out in Setion 4. Furthermore the main purpose of the paper is to show the existene
of a symboli dynamis, whih annot our in neighborhoods of stable points, therefore we will
not address this topi any further.
5.2. Heuristi results. In this setion of the paper we provide the heuristi results we obtained,
while in the following setion we prove that suh results are rigorous. In the remaining part of
this paper we x h = :3.
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We need to dene 14 t-sets N
0
; : : : ; N
5
,
~
N
1
; : : : ;
~
N
4
, K
0
; : : : ;K
3
: the preise denition is given
in Setion 7. Here we only point out that the sets
~
N
1
; : : : ;
~
N
4
are by denition the symmetri
image with respet to the x-axis of the sets N
1
; : : : ; N
4
(see Denition 5.2), while the remaining
sets are invariant with respet to the same symmetry. In the following gures the supports of
the sets N
0
  N
5
and their images through the Poinare map are represented, together with a
portion of the images the supports of the sets K
0
and K
2
. We remark that the images of the
sets N
2
, K
0
and K
2
are very thin and appear on the piture as lines. The sets are displayed in
thik lines, while their images are displayed in thin lines We made two pitures for better larity.
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0.04
px
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0.25
px
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N4PK2,PK0,
PN2
PN3
N5
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Lemma 5.7. Let M
1
and M
2
be t-sets, let
~
M
1
and
~
M
2
be the sets symmetri with respet to
symmetry dened above and assume that M
1
P
=)M
2
. Then
~
M
2
P
(=
~
M
1
.
Proof. This follows by the Denitions 5.3, 5.4, 5.2 and the symmetry of the Poinare map (see
the end of Setion 3). 
In the following we denote by =) (resp. (=) the overing (resp. the bakovering) with
respet to the map P and we apply the topologial theorems introdued above to the map P .
The numerial experiments suggest that the following overing relations hold:
N
0
=) N
0
=) N
1
=) N
2
=) N
3
=) N
4
=) N
5
=) N
5
;
(5.1) K
0
=) K
0
=) N
3
;
K
1
=) K
2
=) N
3
;
K
3
=) K
3
=) N
3
;
If these relations ould be veried, then by Lemma 5.7 the following overing relations would
hold as well:
N
5
(=
~
N
4
(=
~
N
3
(=
~
N
2
(=
~
N
1
(= N
0
;
(5.2)
~
N
3
(= K
0
;
~
N
3
(= K
2
(= K
1
;
~
N
3
(= K
3
:
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5.3. Rigorous overing relations. As we pointed out before, it is not onvenient to hek
diretly the overing relations given in the previous setion, sine that would require an enormous
amount of omputer time. This problem is due to the fat that, even if we start from a very small
interval in the omputation of the Poinare map, the error and the wrapping eet aumulated
in the Poinare time is quite large. Instead we prefer to dene 12 auxiliary t-sets M
i
, i = 0; : : : ; 6
and L
i
, i = 1; : : : ; 5 on the symmetri Poinare plane, i.e. the plane y = 0, _y < 0, and prove
the overing relations given below (the preise denition of the t-sets is given in Setion 7):
N
0
H
1
=)M
0
H
2
=) N
0
H
1
=)M
1
H
2
=) N
1
H
1
=)M
2
H
2
=) N
2
H
1
=)M
3
H
2
=) N
3
H
1
=)M
4
H
2
=) N
4
H
1
=)M
5
H
2
=) N
5
H
1
=)M
6
H
2
=) N
5
L
3
H
2
=) K
0
H
1
=) L
3
H
2
=) N
3
K
1
H
1
=) L
1
H
2
=) K
2
H
1
=) L
2
H
2
=) N
3
K
3
H
1
=) L
4
H
2
=) K
3
H
1
=) L
5
H
2
=) N
3
But even to prove these overing relations with the half Poinare maps turns out to be a
diÆult task, indeed some of the sets are quite lose to the primaries (partiularly the sets L
4
and L
5
), and this auses the omputation of rigorous bounds for the intersetion of the trajetory
with the Poinare plane to be ritial. To overome this diÆulty we have to use the alternative,
but equivalent, denition of overing through the inverse of the Poinare map or bakovering,
see Denition 5.4. The overing relations we atually prove by omputer assistane are as follows:
N
0
H
1
=)M
1
H
2
(= N
1
H
1
=)M
2
H
2
(= N
2
H
1
=)M
3
H
2
=) N
3
H
1
(=M
4
H
2
=) N
4
H
1
(=M
5
H
2
=) N
5
(5.3) N
0
H
1
=)M
0
; M
6
H
2
=) N
5
; K
0
H
1
=) L
3
H
2
=) N
3
K
1
H
1
=) L
1
H
2
(= K
2
H
1
=) L
2
H
2
=) N
3
; L
4
H
2
=) K
3
H
1
(= L
5
H
2
=) N
3
Note that the overings L
3
H
2
(= K
0
, K
3
H
1
(= L
4
, M
0
H
2
(= N
0
and N
5
H
1
(= M
6
follow from the
overings K
0
H
1
=) L
3
, L
4
H
2
=) K
3
, N
0
H
1
=) M
0
and M
6
H
2
=) N
5
respetively, by the symmetry of
the t-sets and Lemma 5.7. As a result, we have to hek 21 overing relations.
In order to have overing relations as desribed in Denition 5.3, we would need to hek
the image through the Poinare map of the whole support of the t-sets. On the other hand,
by Lemma 5.1 it is enough to perform rigorous omputations on the boundaries of the t-sets,
provided that we an prove that the map is dened on the whole supports. This is essential for
the rigorous proof to be made in a reasonable time, sine to hek by omputer assistane the
denition of the Poinare map on the supports of the t-sets would be very time onsuming. In
order to prove that the half Poinare maps are dened on the supports of all t-sets we argue as
follows. We only give the proof for the half Poinare map H
1
, the proof for H
2
being equivalent.
First we have to prove that the trajetory does not ollide with one primary. Then we observe
that the projetions of the trajetories we are interested in on the (y; p
y
) plane appear to be
rotating around either a primary or the Lagrangian point L
1
. If we an ompute the angular
veloity in the (y; p
y
) plane and prove that it is bounded away from 0 for long enough time, then
it follows that the trajetory has to ross the Poinare setion eventually, hene the map H
1
is
well dened. In [AZ℄ it was possible to prove by analytial omputations that the projetion
on the (x; p
x
) plane of all trajetories have positive angular veloity with respet to the origin.
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For the restrited 3-body problem suh a general statement does not hold, therefore we have to
proeed with a dierent method. First we ompute the trajetory of the boundary of the t-set
with rigorous bounds on the error. The trajetory of the whole boundary desribes a \tube"
in R
4
. More preisely, the intersetion of the trajetory of the boundary with any hyperplane
p
y
+ y = 0 bounds a region on the energy surfae; the union of all these intersetions is what
we all the tube. Sine no trajetories an interset, all trajetories starting in the interior of
the support of the t-set have to remain inside the tube. If we an prove that the angular veloity
in the interior of the tube is always bounded away from 0, say its absolute value is larger than
" > 0, it follows that the half Poinare map is well dened on the whole interior of the support
of the t-set; indeed any trajetory starting in the interior of the t-set must interset the Poinare
plane in a time T  =".
For a given point (x; p
x
) 2 N let
(x; p
x
) = ' (x; p
x
; [0; T
1
℄) ;
where ' is the map dened in Setion 3 and T
1
= T
1
(x; p
x
) is the half Poinare time also
dened in Setion 3. (x; p
x
) is the trajetory of the point (x; p
x
; 0;
p
2
(x; 0) + h  p
2
x
) under
the ow indued by the equations from time 0 to the time T
1
when it reahes the Poinare
plane. If we an prove that H
1
(N) exists, sine the ows of two dierent points annot
interset, unless they oinide, then H
1
(N) bounds a region M in the Poinare plane. We
want to prove that H
1
is dened on the whole set jN j and H
1
(jN j) = M . Let  = jN j [
S
(x;p
x
)2N
(x; p
x
) [M . The hypersurfae   R
4
divides R
4
into two onneted regions; all 
the bounded region. It is lear that for all (x; p
x
) 2 jN j n N either there exists H
1
(x; p
x
), or
'

x; p
x
; 0;
p
2
(x; 0) + h  p
2
x
;T

2  for all T  0. Let (x; p
x
; y; p
y
) = (2p
x
+ 

y
(x; y))y  
p
2
y
. The next Lemma shows that, if  does not intersets the plane (y = 0; p
y
= 0) and
j(x; p
x
; y; p
y
)j  Æ > 0 for all (x; p
x
; y; p
y
) 2 , then the seond ase annot happen.
Lemma 5.8. Fix h and (x; p
x
) suh that x 6= fR
1
; R
2
g and 2
(x; 0) + h   p
2
x
> 0; let
p
y
=
p
2
(x; 0) + h  p
2
x
: Let (x(T ); p
x
(t); y(T ); p
y
(T )) = '(x; p
x
; 0; p
y
;T ) be the ow indued
by (1.1); let (T ) = (2p
x
(T ) + 

y
(x(T ); y(T )))y(T )   p
2
y
(T ). If there exists Æ > 0 suh that
y
2
(T ) + p
2
y
(T ) > 0 and j(T )j  Æ for all T 2 [0; =Æ℄ (resp. T 2 [ =Æ; 0℄), then the half
Poinare map H
1
(resp. H
2
) in (x; p
x
) is well dened.
Proof. Sine y
2
(T ) + p
2
y
(T ) > 0 we an use polar oordinates. Let (T ) be the angle. Taking
the derivative we have
_ =
_p
y
y   p
2
y
y
2
+ p
2
y
=
(2p
x
+

y
)y   p
2
y
y
2
+ p
2
y
:
Sine y
2
+p
2
y
is bounded and (2p
x
+

y
)y p
2
y
is bounded away from 0, then for some T we have
j(T )  (0)j   and the map is dened. 
Lemma 5.9. For all overing relations listed in (5.3) the half Poinare maps are dened on all
the supports of all t-sets.
Proof. Consider a overing relation with theH
1
map, theH
2
map and the bak-overing relations
being equivalent. The proof is by omputer assistane and it is performed with the following
proedure. Choose a t-set and let (x; p
x
) the middle point of its support. Let '(x; p
x
; t) be
the approximate ow, omputed by some suitable algorithm (we used Mathematia 4.0 for this
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purpose). Let

T
1
be the approximate Poinare time, i.e. '
3
(x; p
x
; t) > 0 for all 0 < t <

T
1
and
'
3
(x; p
x
;

T
1
) = 0. For an integer N > 0 let t
i
= i

T
1
=N , i = 0; N ,


i
=

(x; p
x
; y; p
y
) 2 R
4
: d((x; p
x
; y; p
y
); '(x; p
x
; t
i
))  1
	
;
where d is a distane in R
4
dened by
d((x
1
; p
1
x
; y
1
; p
1
y
); (x
2
; p
2
x
; y
2
; p
2
y
)) = max(a
1
jx
1
  x
2
j; a
2
jp
1
x
  p
2
x
j; a
3
jy
1
  y
2
j; a
4
jp
1
y
  p
2
y
j)
and fa
i
g are positive onstants. Let

 =
[
i=0;N


i
:

 is a very rough approximation of the ow of the support of the t-set. If all the onstants
entering in the denition of

 are hosen appropriately, one an expet that the true trajetory
of the support of the t-set is entirely ontained in

. With omputer assistane we heked
rigorously that the true trajetory of the boundary of the t-sets never leaves

. Using interval
arithmetis algorithms we ompute
Æ
i
= max
(x;p
x
;y;p
y
)2


i
(2p
x
+

y
(x; y))y   p
2
y
:
By omputer assistane we prove that max
i
Æ
i
is stritly negative for all t-sets. The proof is
omplete by Lemma 5.8. 
The previous lemmas yield the following:
Theorem 5.10. All overing relations listed in (5.3) hold.
Proof. We hek with omputer assistane that onditions a
0
and b in Lemma 5.1 or onditions
 and d in Denition 5.4 are veried for all the overing relations listed in (5.3). The proof is
ompleted by Lemma 5.9. 
Consider the olletion of the t-sets N
0
, N
1
, N
2
, N
3
, N
4
, N
5
,
~
N
1
,
~
N
2
,
~
N
3
,
~
N
4
, K
0
, K
1
, K
2
,
K
3
in this order and let
T =
2
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4
1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 1 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1
3
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5
:
Theorem 5.10 and the denition of generi overing yield the following
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Corollary 5.11. All relations in (5.1) and (5.1) hold with generi overing instead of overing
or bakovering and T is the transition matrix assoiated with the map P .
5.4. Symboli dynamis. Let 
A
be the set of all admissible sequenes of fourteen symbols
(N
0
, N
1
, N
2
, N
3
, N
4
, N
5
,
~
N
1
,
~
N
2
,
~
N
3
,
~
N
4
, K
0
, K
1
, K
2
, K
3
) with respet to T (reall Denition
5.8). Corollary 5.11 yields the following result on symboli dynamis:
Theorem 5.12. For any biinnite sequene fx
n
g 2 
A
there exists an orbit of (1.1) whih
rosses the Poinare plane in the t-sets N
0
; : : : ; N
5
,
~
N
1
; : : : ;
~
N
4
and K
0
; : : : ;K
3
in the order
presribed by the sequene. Furthermore, if fx
n
g is periodi of period m, suh orbit is periodi
as well and its trajetory on the Poinare setion also has period m.
Proof. The supports of the t-sets N
0
; : : : ; N
5
,
~
N
1
; : : : ;
~
N
4
and K
0
; : : : ;K
3
are disjoint; let N
be the union of all suh supports and let  : Inv(N;P ) ! 
A
be the projetion dened as in
Denition 5.9. The result follows by Theorems 5.6 and Corollary 5.11. 
Corollary 5.13. Equation (1.1) admits innitely many periodi solutions.
This result is important sine it gives the omplete piture of the haoti behavior of the
system and it yields the result on topologial entropy we present in the next subsetion. On the
other hand, a better visual image of the result an be obtained by the following observations.
Reall that the sets N
0
, N
5
, K
0
and K
3
P over themselves and K
1
P
2
-overs itself. Hene
there exists (at least) a periodi orbit for eah of these sets whih rosses the hyperplane y = 0
with positive y veloity in the set (or alternatively in the sets K
1
and K
2
). The orbit rossing
N
0
is the orbit symmetri to U
2
with respet to the y axis, while the orbits rossing N
5
, K
0
, K
1
and K
3
are U
2
, L, D
1
and U
1
respetively. We point out that without onsidering the derivative
of the Poinare map we annot exlude that other periodi orbits ross those t-sets. It would
be indeed rather easy to rigorously ompute the derivative of the Poinare map, but this is not
relevant for the disussion that follows and suh omputation will be treated in another paper.
From the transition matrix it also follows that N
0
P
5
() N
5
P
5
() N
0
and K
i
P
3
() N
5
P
3
() K
i
,
i = 0; 2; 3, therefore if we onsider the t-sets N
0
, N
5
, K
0
, K
2
and K
3
the transition matrix
with respet to the map P
30
is a 5  5 matrix with all entries equal to 1, that is eah of these
t-sets P
30
 overs itself and all the other t-sets. Using again Theorem 5.6 we infer that for all
biinnite sequenes of ve symbols there exists a solution of equation (1.1) whih rosses the
t-sets in the same order. In other words, the system admits solutions whih ome lose to any of
these orbits in any presribed order. We point out that this result onern the thirtieth interate
of the Poinare map, therefore only one rossing of the Poinare setion every 30 should be
onsidered.
Finally, we point out that all these results onern the existene of orbits, not uniqueness.
5.5. Topologial entropy estimates. The results presented in the previous subsetion yield
a lower estimate of the topologial entropy of the map P by the following lemma:
Lemma 5.14. Let f : X ! X be a ontinuous map. Let S  X be an invariant set, let A be
an n  n matrix suh that there exists a surjetive map  : S ! 
A
satisfying  Æ  =  Æ f .
Then the topologial entropy of f is larger than ln(maxfj
i
j; 
i
is an eigenvalue of Ag).
Proof. The proof is an easy onsequene of Theorem 7.13 in [WA℄. 
Corollary 5.15. The topologial entropy of P is larger than 1:62746.
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Proof. By Lemma 5.14 a lower bound for h
t
is given by the maximal norm eigenvalue of the
transition matrix T . The harateristi polynomial is p(x) = 1  2x+ 2x
3
+ x
4
  3x
5
  3x
6
+
7x
7
  4x
8
+4x
9
  5x
10
+5x
12
  4x
13
+x
14
, and sine p(1:62747) > 0 and p(1:62746) < 0, then
h
t
(P ) > 1:62746. 
6. Further developments
Although the 3-body problem is very old, there are still many open problems. Computer
assisted tehniques an give rigorous proofs to some onjetures. This paper is foused on
results whih require only C
0
omputations. We think that a muh riher symboli dynamis
an be proved with these methods at dierent energy levels: this paper should only be onsidered
as an example, although in the author opinion Theorem 5.12 and Corollary 5.15 have a value
in themselves. The rigorous omputation of the derivatives of the Poinare map an provide
information on the linear stability of periodi orbits and yield existene results for homolini
and heterolini orbits. We will treat these topis in a forthoming paper, together with the
dependene of the results presented in this paper to the ratio of the masses of the primaries.
A further development under study onerns the study of bifurations with the energy as a
parameter value.
7. Computational details
7.1. Desription of the t-sets. The proedure used to build all t-sets is desribed in [AZ℄ for
the Henon-Heiles Hamiltonian and we refer to that paper for the details. Here we only mention
that the t-sets N
i
and K
i
are either entered on the xed or period 2 points of the Poinare map,
or plaed along the invariant manifolds of suh points with the sides approximately parallel to
the manifolds. The setsM
i
and L
i
instead are built "by hand" trying to interpolate the image of
the other sets. We reall that the Poinare setion is not onneted, sine the lines x = 2
 2=3
orresponding to the position of the primaries must be exluded. It follows that the invariant
manifolds of points belonging to dierent onneted omponents annot ross. This fat does
not inuene the topologial method employed here, sine a t-set and its image may be on
dierent onneted omponents, bypassing the fat that the Poinare setion passes through the
primaries. The atual t-sets used in the proofs are as follows:
Denition 7.1. The triple sets are dened by giving the oordinates of the enter (x; y), the
length of the sides (l
x
; l
y
) and the angular oeÆients of the sides (; ) as follows:
N
0
: (x; y) = ( 0:7942; 0:), (l
x
; l
y
) = (:007; :007), (; ) = (:9325; :9325).
N
1
: (x; y) = ( :7849; :0129), (l
x
; l
y
) = (:002; :005), (; ) = ( 2:136; 2:136).
N
2
: (x; y) = ( :7589; :05086), (l
x
; l
y
) = (:002; :005), (; ) = ( 1:812; 1:981).
N
3
: (x; y) = (:08; :125), (l
x
; l
y
) = (:01; :04), (; ) = (1:124; 2:009).
N
4
: (x; y) = (:131; :028), (l
x
; l
y
) = (:0076; :012), (; ) = ( 2:09; 2:11).
N
5
: (x; y) = (:1471; 0:), (l
x
; l
y
) = (:015; :015), (; ) = ( 2:07; 2:07).
K
0
: (x; y) = (:04873; 0:), (l
x
; l
y
) = (:0002; :0002), (; ) = (1:818; 1:818).
K
1
: (x; y) = (:04775; 0:), (l
x
; l
y
) = (:0009; :0009), (; ) = (1:131; 1:131).
K
2
: (x; y) = ( :7365; 0:), (l
x
; l
y
) = (:0012; :0012), (; ) = ( 2; 2).
K
3
: (x; y) = (:06712; 0:), (l
x
; l
y
) = (:01; :01), (; ) = (1:835; 1:835).
M
0
: (x; y) = ( :1471; 0:), (l
x
; l
y
) = (:0065; :0065), (; ) = (1; 1).
M
1
: (x; y) = ( :1424; :007289), (l
x
; l
y
) = (:0026; :0065), (; ) = (:9; 1:05).
M
2
: (x; y) = ( :1311; :0279), (l
x
; l
y
) = (:0025; :005), (; ) = (4:2; 2).
20 G. ARIOLI
M
3
: (x; y) = ( :0792; :1267), (l
x
; l
y
) = (:002; :005), (; ) = (4:2; 1:8).
M
4
: (x; y) = (:7592; :05021), (l
x
; l
y
) = (:006; :018), (; ) = (1:2; 2:2).
M
5
: (x; y) = (:7854; :01406), (l
x
; l
y
) = (:01; :008), (; ) = (4:2; 2:2).
M
6
: (x; y) = (0:7942; 0:), (l
x
; l
y
) = (:013; :013), (; ) = (1; 1).
L
1
: (x; y) = ( :0742; :1015), (l
x
; l
y
) = (:0009; :0009), (; ) = (1:131; 1:131).
L
2
: (x; y) = ( 0:0738; :1025), (l
x
; l
y
) = (:002; :002), (; ) = ( 1:85; 1:85).
L
3
: (x; y) = ( :04873; 0:), (l
x
; l
y
) = (:01; :01), (; ) = (1:819; 1:819).
L
4
: (x; y) = (:6563; 0:), (l
x
; l
y
) = (:005; :005), (; ) = ( 1:49; 1:49).
L
5
: (x; y) = (:6545; :022), (l
x
; l
y
) = (:01; :01), (; ) = ( 1:49; 1:49).
The left (resp. right) edge of eah set is the segments whose end points are (x + l
x
os +
l
y
os ; y+l
x
sin+l
y
sin) and (x+l
x
os l
y
os ; y+l
x
sin l
y
sin) (resp. (x l
x
os+
l
y
os ; y  l
x
sin+ l
y
sin) and (x  l
x
os  l
y
os ; y  l
x
sin  l
y
sin)). The boundaries
of the left and right sides of eah t-set are the lines rossing two opposite verties of the support,
see Figure 3.
Furthermore, we denote
~
N
i
, i = 1; : : : 4, the sets obtained by reeting the sets N
i
with respet
to the x-axis, see Denition 5.2. Note that the sets N
0
, N
5
, K
0
, K
1
, K
2
, K
3
, K
3
are by denition
symmetri with respet to the x axis.
7.2. Computation tehniques. We desribe here the algorithm used in the omputer assisted
proof of Theorem 5.10. The proof of Theorem 4.1 is equivalent. By Lemma 5.1 the proof onsists
in heking that the images through the Poinare map of the edges of the t-sets lie in some
assigned regions of the plane as desribed by the overing relations. We do not know the exat
images of suh edges, sine no analytial solution of the equation is available, therefore all we
an do is to estimate the trajetories and ompute the intersetions with the Poinare plane
with rigorous error bounds. In order to ompute the image of a side, we partition it in segments
with small enough length and we hek that every suh segment is mapped in the orret region.
To ompute the image of a small segment, we enlose it in an interval set (a retangle) and
we ompute its trajetory with a Taylor-Lohner algorithm using interval arithmetis. More
preisely, we start with a Taylor method of order 12, i.e. we estimate the trajetory of an
interval by using the Taylor expansion of order 12 and we estimate the error by the Lagrange
remainder. If h is the time step, we ompute a rough but rigorous enlosure D of the trajetory
at times [0; h℄, that is an interval set D suh that the solution of the equation lies in D for all
times between 0 and h, and by Lagrange theorem we estimate the error we make negleting
the remaining terms of the Taylor expansion by omputing x
(13)
(D)
h
13
13!
, where x
(13)
(D) (whih
is an interval enlosing all possible values assumed by the 13th derivative of the trajetory,
therefore enlosing the Lagrange remainder) is omputed using a reursive algorithm for the
time derivatives of the solutions.
The interval arithmetis algorithms address the problem of omputing the trajetory of a
segment and of keeping trak of the errors in an elegant and rigorous way, but they introdue
another problem. Indeed, even in the simplest dynamial system, the proedure desribed above
leads to a very rough estimate of trajetories, due to the wrapping eet whih makes the bounds
on the error grow exponentially. The problem has been strongly ontained by introduing the
half Poinare maps and the bakovering relation, see the disussion in Setion 5, but these
tehniques do not suÆe. We obtain another signiant redution of the wrapping eet by
using the Lohner algorithm. We refer to see Setion 6 in [AZ℄ and referenes ited there for
a disussion of interval arithmetis and wrapping eet and for a desription of the Lohner
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algorithm employed. See also [MZ℄ for a disussion on interval arithmetis and [L℄ for the Lohner
algorithm. We point out that using the Lohner algorithm to ompute diretly the Poinare map,
instead of the half Poinare maps or their inverse, the omputation time to perform all the proofs
is unrealisti on urrent desk omputers, therefore the denitions of the half Poinare maps and
of bakovering are essential to perform the proofs.
The round-o errors are taken are diretly by suitable C++ libraries and by Mathematia.
Suh errors may vary by hanging omputer and/or operationg system, but sine they are usually
very small when ompared to the wrapping eet and sine all proofs go through with a relatively
large margin, we expet that the proof an be easily reprodued on any reent omputer.
The typial time step used in the omputation of the images of the t-sets is dt = 10
 2
, but
in few ases we had to use some lower value, down to dt = 5:10
 4
. Eah side of the t-sets has
been usually divided in 100 to 2000 segments, depending on the apparent value of the Lipshitz
onstant of the map in the area onsidered. In a few diÆult ases we had to divide eah side of
a t-set in 5000 segments. Most of the omputations used to obtain the bounds for the loation
of the orbits in Table 1 used dt = 2:10
 5
.
To perform the proofs the author implemented a version of the whole algorithms in a ombi-
nation of Mathematia and C++ under the Linux O.S. More preisely, Mathematia has been
only used to handle all the data and to perform a few algorithms whih are less demanding
for the CPU, but more ompliated to implement. Furthermore Mathematia has been used
to make all numerial experiments used to hoose the t-sets and to draw the pitures. On
the other hand C++ has been used for the heavy interval arithmeti omputations, where it
oered a muh better speed. The onnetion between the two languages is obtained by Math-
Link. We wish to point out that the full proof took almost a month of CPU time on a mahine
equipped with a 1GHz Pentium III proessor. In fat a large amount of the time is used for the
omputations involving the set L
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whose trajetory is very lose to one primary. A full C++
algorithm would redue the time at the prie of a muh more ompliated and less user-friendly
programming. We think that this sharing of tasks is almost optimal, as far as omputational
speed and simpliity of programming and data handling is onerned. The reader who desires
to reprodue the omputer assisted proofs in this paper without writing the program an use
the Mathematia notebook whih is attahed to this preprint. The notebook is provided with
omments and instrutions. By using the ommands in the notebook it is possible to make an
independent omputation of the images of the sides of the t-sets and an independent hek of
Theorem 4.1.
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